For a prime p with p ≡ 3 (mod 4) and an odd number m, the Bentness of the p-ary binomial function f a,b (x) = Tr n 1 (ax
Introduction
Nonlinearity is an important cryptographic criteria for the Boolean functions used in symmetric ciphers [1] . The nonlinearity of a Boolean function is the distance between it and the set of affine functions. Bent functions, introduced by Rothaus [18] , are ones of the most famous Boolean functions since they achieve the upper bound on nonlinearity. Highly nonlinear functions including Bent functions have been extensively applied to cryptography, sequences and coding theory [1, 2, 10] . The concept of Bent function is also generalized to more general notations such as generalized Bent functions [2, 6, 9, 12, 13, 19] . People have paid lots of attention to this topic, however, the complete classification of Bent functions is still hopeless. Some research of Bent functions focuses on monomial functions, binomial functions, and quadratic functions [1, 4, 5, 8, 14] .
For a prime p and a positive integer n, let F p n be the finite field with p n elements, F * p n = F p n \ {0}, and Tr n 1 (·) is the trace function from F p n to F p . For p = 2 and an even number n = 2m, Dillon [7] established that the monomial Boolean function defined by
is Bent if and only if the Kloosterman sum satisfies K(χ 1 , a, 0) = −1, where the exponent is d = 2 m − 1, χ 1 is the canonical additive character of F p n , and the Kloosterman sum [15] is defined as
This result is generalized by Charpin and Gong to d = r(2 m − 1) for any integer r coprime with 2 m + 1 [3] and by Helleseth and Kholosha to fields of odd characteristic [11] .
Recently, Mesnager characterized the Bentness of the binary Boolean function Tr
for even n in terms of the Kloosterman sums of the coefficients a and b [17] . Different from most previous constructions, the coefficient b here shall be restricted in a subfield F 4 of F 2 n . In this paper, following the line of Mesnager's work, we consider the analogy problem for the odd p-ary function f a,b :
where m is odd, n = 2m, and p is odd with p ≡ 3 (mod 4). In analogy with the binary case, we first characterize the Bentness of the function (2) in terms of an exponential sum over a subset of F p n . For a further characterization of the exponential sum, however, the method of Mesnager can not continue to work here since it needs to divide this subset into four parts but the exponential sum can not be evaluated over each part as in [17] . To this end, we characterize the Bentness by two sequences defined by Tr ). Finally, for the special case of p = 3, we further characterize the Bentness of the ternary function f a,b (x) by the Hamming weight of a sequence.
The rest of this paper is organized as follows. In Section 2, we recall some necessary preliminaries and present the main results. In Section 3, the main theorems are proved and examples of ternary binomial Bent functions are presented.
Preliminaries and Main Theorems
For two positive integers k and n with k | n, the trace function from F p n to F p k [15] is defined as
The Walsh transform of a function f :
is a primitive p-th complex root of unity. For an odd prime p, f is called a p-ary Bent function if |f (λ)| = p n 2 for all λ ∈ F p n [13] . A Bent function f (x) is called regular if for every λ ∈ F p n the normalized Walsh coefficients p − n 2f (λ) equals to a complex p-th root of unity, that is, p
A binary Bent function is always regular. For odd p, a p-ary Bent function f (x) may not be regular, but its Walsh transform coefficients satisfŷ
where is a complex primitive forth root of unity (please see Property 8 of [13] ).
Assume n = 2m is even. For any x ∈ F p n , denotex = x p m . Let G be a subgroup of the multiplicative group F * p n defined by
i.e., G is the group of elements in F p n of order dividing p m +1. G is sometimes called the unit circle of F * p n . Let γ be a primitive element of F p n . For each 0 ≤ i ≤ p n − 2, the element γ i of F * p n can be written as γ (p m +1)k · γ l , where 0 ≤ l ≤ p m and 0 ≤ k ≤ p m − 2. As a consequence, we have the following Lemma 2.1 For a prime p, the multiplicative group F * p n can be decomposed to the Cartesian product
In the sequel, we always assume that p is odd and n = 2m for some integer m such that p m > 3 and p m ≡ 3 (mod 4), i.e., p m > 3, p ≡ 3 (mod 4), and m is odd. To characterize the Bentness of the function f a,b (x) defined in (2), we define an exponential sum over the subset V as follows:
The main theorems are listed below and their proofs will be given in Section 3. (2) is Bent if and only if
Moreover, if (5) holds then f a,b (x) is a regular Bent function and the corre-
Theorem 2.2 provides a characterization for Bentness of f a,b (x), however, it is still difficult to compute the exponential sum S a,b . In order to find an alternative characterization for S a,b = 1, from the last expression in (4) we consider two sequences {a i } (2) is Bent if and only if
In the above two cases, the f a,b (x) in (2) In this case, the f a,b (x) in (2) is a regular Bent function.
The Bentness of p-ary Binomial Functions
In this section, we will finish the proofs of Theorem 2.2 and 2.3.
We first analyze the properties of the function f a,b (x) in (2) and use them to calculate the Walsh spectra of f a,b (x).
By Lemma 2.1, any x ∈ F * p n can be uniquely expressed as yv for y ∈ F * p m and v ∈ V . Then we have 
since p m ≡ 3 (mod 4). According to the equality (8), for any λ ∈ F p n we havef
In particular, for λ = 0 we havê
For any λ ∈ F * p n , we first have Proof Clearly, the mentioned equation has the same nonzero solutions with this equation: (λx) p m −1 = −1, whose unique solution is given by
We denote this solution by v λ as in Theorem 2.2. By (9), we havê
Thus, the calculation off a,b (λ) is reduced to determining the exponential sum S a,b .
With the above preparations, we can prove Theorem 2.2. Proof of theorem 2.2 Sufficiency. Assume S a,b = 1. By equalities (10) and (11) we havê
Thus f a,b (x) is a regular Bent function. Conversely, assume f a,b (x) is a Bent function. Then |f a,b (λ)| = p m for any λ ∈ F p n . We choose a λ = 0. By equality (3), we can assume that
The equality (11) can be rewritten as
Suppose merging similar items on the left side of (12) gives
Comparing the sequence of nonnegative integers {N 0 , N 1 , · · · , N p−1 } and the sequence of integers {a 0 , a 1 , · · · , a p−1 }, we know there are at least p − 3 indexes 1 ≤ i ≤ p − 1 with a i = N i , and
Thus a 0 = a 1 = · · · = a p−1 = ±p m−1 since by Eisenstein's criteria, x p−1 + · · · + x 2 + x + 1 is irreducible over the rational numbers, and hence it is the minimal polynomial of ω over the field of rational numbers.
Supposef a,b (λ) = −ω k 1 p m , namely the above mentioned "±" is a negative sign. Then a 0 = a 1 = · · · = a p−1 = −p m−1 < 0, which happens only when p = 3 since otherwise there will be a negative N i , and in this case 
where S j = i∈I ω a 4i+j for j ∈ {0, 1, 2, 3}.
It can be verified that the sequence {a i } p m i=0 satisfies
for any i. Thus, the terms ω a 4i+j in the expansion of S j are one-to-one equal to the terms ω −a 4i+j in the expansion of S j+2 , and (13) can be rewritten as
Applying Corollary 2.4, with the help of a computer, we can efficiently determine whether the ternary binomial function f a,b (x) defined in (2) 
Bent. An incomplete list of (a, b) is as follows:
where γ is a primitive element of F 3 6 with minimal polynomial x 6 + x 5 + 2 and θ = γ is a primitive of F 3 2 .
Conclusion
We have characterized the Bentness of a family of p-ary binomial functions f a,b (x) defined by (2) by a specific exponential sum S a,b and by two sequences depending on the coefficients a and b. In the special case of p = 3, the Bentness of the ternary binomial functions 2 . Our work is motivated by a recent work given by Mesnager [17] , who studied the class of functions defined in (1). Another possible way to extend Mesnager's work is to discuss the Bentness of the following functions which have slight different expression from f a,b (x). When p = 2, g a,b (x) is exactly the function considered in [17] .
